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Abstract. We shall develop a new deformation theory of geometric 
structures in terms of closed differential forms. This theory is a general- 
ization of Kodaira -Spencer theory and further we obtain a criterion of 
unobstructed deformations. We apply this theory to certain geometric 
structures: Calabi-Yau, HyperKahler, G2 and Spin(7) structures and 
show that these deformation spaces are smooth in a systematic way. 



§0. Introduction 

Let X be a compact Riemannian manifold with vanishing Ricci cur- 
vature. Then the list of holonomy group of X includes four interesting 
classes of the holonomy groups: SU(n), Sp(m), G2 and Spin(7) [1]. The 
Lie group SU(n) arises as the holonomy group of Calabi-Yau manifolds 
and Sp(m) is the holonomy group of HyperKahler manifolds. The Lie 
groups G2 and Spin (7) occur as the holonomy groups of 7 and 8 di- 
mensional manifolds respectively. There are many intriguing common 
properties between these four geometries. One of the most remarkable 
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property is smoothness of the deformation spaces of these geometric 
structures. In the case of Calabi-Yau manifolds, Tian and Todorov show 
that smoothness of the deformation space (Kuranishi space) by using 
Kodaira-Spencer theory [19], [20]. Joyce obtains smooth moduh spaces 
of G2 and Spin(7) structures respectively [10,11,12]. His method of con- 
struction of moduli spaces are different from Tian-Todorov's one since 
G2 and Spin (7) manifolds are real manifolds and we can not apply the 
deformation theory of complex manifolds. Hitchin shows a significant 
and suggestive construction of deformation spaces of a Calabi-Yau struc- 
tures on real 6 manifolds and G2 structures on 7 manifolds [9]. It must 
be noted that these four geometries are defined by certain closed differ- 
ential forms on real manifolds. In this paper we shall obtain a direct 
and unified construction of deformation spaces of these geometric struc- 
tures on real manifolds in terms of these closed differential forms. We 
shall show that the deformation spaces of these geometric structures are 
smooth in a systematic way. In the case of Calabi-Yau manifolds, we 
consider a real compact 2n manifold with a pair of a closed complex n 
form and a symplectic form uj. We show that a certain pair (fi, uj) 
defines a Calabi-Yau metric ( Ricci-flat Kahler metric) on X. Hence the 
deformation space of Calabi-Yau metrics on X arises as the deformation 
space of certain pairs of closed forms (n,cj) (see section 4-2 for precise 
definition of Calabi-Yau structures ). In section 1, we discuss a general 
deformation theory of geometric structures defined by closed differential 
forms. Let 1/ be a real n dimensional vector space. Then we consider 
the linear action p of G =GL(y) on the direct sum of skew-symmetric 
tensors, 

p: GL(y) ^ eJ^iEnd(A^^y*). 

Let = (01, • • • ,0?) be an element of ©-^^ A^* V* . Then we have 
the orbit O = 0^<^ (V) under the action of G as 

0.0^ iv) = { pg^l = (p,0;, • • • , p,0?) G eU y* I p G G }. 



Then the orbit O = O^o^ is regarded as a homogeneous space G/H, 
where H is the isotropy group. Let X be a real n dimensional compact 
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manifold. Then we define a homogeneous space bundle Ao (-^) ^ by 

Ao{X)= U 0^o^{T,X). 

xex 

Then we define ^©(X) to be the set of global sections T{X, Ao{X)). We 
denote by DJl^{X) the set of closed forms in So{X). Let be an ele- 
ment of DJl^{X). As we shall show that So{X) is regarded as a infinite 
dimensional homogeneous space (a Hilbert manifold). Hence we have 
the tangent space T^oSo{X) of Soi^)- We denote by H the Hilbert 
space consisting of closed forms in ©^A^^ Then the space DJlo{X) is 
the intersection between the Hilbert space Ti and the Hilbert manifold 
So{X). We define an infinitesimal tangent space of DJIq by the intersec- 
tion H n T^oSo{X). Then we shall discuss if the infinitesimal tangent 
space is regarded as the tangent space of actual deformations. 

Definition 1-4. A closed element G £^{X) is unobstructed if there 
exists an integral curve ^t(a) in DJlc,{X) for each infinitesimal tangent 
vector a &7in T^oSc,{X) such that 

An orbit O is unobstructed if any $° G OJlo {X) is unobstructed for all 
compact n dimensional manifold X 

We shall prove the following theorem in section 3. 

Theorem 1-5 ( Criterion of unobstructedness). We assume that 
an orbit O is elliptic (see definition 1-1 in section one). If the map 
: H'^i^^o) — ^ ®iH''^^^^{X) is injective, then $° is unobstructed ( see 
section 1 for p^). 

In section 2 we obtain preliminary results. In section 3 we try to con- 
struct a deformation of calibrations as a formal power series in t. Then 
we encounter obstructions to deformation of calibrations. A primary 
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obstruction is discussed in section 3-1. If the primary obstruction van- 
ishes, then we have the second obstruction. Successively we have higher 
obstructions to deformations. Exphcit description of higher obstructions 
are given in section 3-2. In section 3-3, we prove our criterion of unob- 
structedness (Theorem 1-5). If the criterion holds, then all obstruction 
vanish simultaneously. Hence we have a deformation of calibrations as 
a formal power series in t. Further we prove the power series uniformly 
converges. In section 4, 5 and 6 we shall show that our criterion holds for 
Calabi-Yau, HyperKahler, G2 and Spin(7) structures. In section 4-1 we 
define a SLn{C) structure as a certain complex form ft, which defines the 
almost complex structure /q with trivial canonical line bundle. Then the 
integrability of the almost complex structure Iq is given by a closeness 
of the complex differential form O. We show that the orbit of SL^(C) 
structures is elliptic and satisfies the criterion. In section 4-2, we define a 
Calabi- Yau structure as a certain pair consisting SL„ (C) structure O and 
a real symplectic form u). Then we prove that the orbit corresponding to 
a Calabi-Yau structure is elliptic and satisfies the criterion. Hence the 
orbit of Calabi-Yau structures is unobstructed. Background material of 
Calabi-Yau manifolds is found in [1]. Our primary obstruction of SL^(C) 
structures corresponds to the one of Kodaira-Spencer theory. Then our 
result is regarded as another proof of unobstructedness by using cali- 
brations. Our direct proof reveals a geometric meaning of unobstructed 
deformations. ( we do not use Calabi- Yau's theorem to obtain a smooth 
deformation space of Calabi-Yau structures). It must be noted that 
Kawamata and Ran give algebraic proof of unobstructed deformations. 
In section 5, we show the orbit corresponding to a HyperKahler structure 
is also elliptic and satisfies the criterion. In section 6 and 7 we discuss 
unobstructedness of G2 and Spin (7) structures respectively. 



§1. Deformation spaces of calibrations 

Let y be a real vector space of dimension n. We denote by A^V* the 
vector space of p forms on V. Let pp be the linear action of G =GL(V) 
on A^V*. Then we have the action p oi G on the direct sum A^^ V* 
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by 

p: GL{V) eUEnd(AP^y*), 

P= {ppi,--- ,Ppi)- 

We fix an element $° = (^J, 02, • • • ,0?) G ®i V* and consider tiie 
G-orbit O = O^o^ tiirougli $° : 

O^o^ = {^v = PgK e ©^ V*\geG} 
The orbit (9$o^ can be regarded as a homogeneous space, 

O^o^ = G/ H, 
where H is the isotropy group 

H = {geG\pg^l = ^l}. 

We denote by AoiV) = Aiy) the orbit O^o^ = G/H. The tangent space 
E\V) = T^o^A{V) is given by 

E\v) = T^o^Aiv) = { p^^o G y* I ^ G s }, 

where p denotes the differential representation of q. The vector space 
E^{V) is the quotient space q/^. We also define a vector space E^{V) 
by the interior product, 

E\V) ={ = (i,0?, • • . , e ®i A^^-i F* I ^; G F }. 

is define as a vector space spanned by the following set, 

E^{V) = Span{ a A G 0^ A^^+^ | a G aV*, G }. 

We also define E^(V) for /c > by 

E''{V) = Span{ (3 A z^^JJ. G 0^ ap^+^-^ V* \ (3 e A^V*, G E^{V) }. 
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Let{ei, • • • , Cn} be a basis of V and {9^, • • • ,9^} the dual basis of V*. 
Then we see that p^^y is written as 

where ^ = ^j9^ (8) and ie^ denotes the interior product. Hence we 
have the graded vector space E(V) = ®kE^{y) generated by E'^(V) over 
A*V*. Then we have the complex by the exterior product of a nonzero 

E^{V) E\V) E''{V) ••• . 

Definition 1-1 (elliptic orbits). An orbit O^o^ is an elliptic orbit if 
the complex 

E\V) E\V) E^{V) ••• 

is exact for any nonzero u G V* . In other words, if a A u = for 
a e E^{V), then there exists (3 G E^~^{y) such that a = (3 A u for 
k>l. 

Remark. If aAu = 0, then we have a = ^3 Au for some /3 G 0iA^*~-^ since 
the de Rham complex is elliptic. However /5 is not an element of E^iV) 
in general, (Note that E^(V) is a subspace of ©^A^^ "■*■). For instance, 
we take $° as a real symplectic form a; on a real 2n dimensional vector 
space V. Then E^ = A^ and E^ = a"^. Hence O^o is elliptic. However 
if $° is a degenerate 2 form on V, i.e., uj'^ = 0, then C$o^ is not elliptic. 

Let X be a compact real manifold of dimension n. We define Ao (TxX) 
by using an identification h: T^X = V. The subspace Ao{TxX) C 
0^ A^^ is independent of a choice of the identification h. Hence we 
define the G/i7-bundle A{X) = AoiX) by 



Ao{X)= [jA{TxX)-^X. 
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We denote by = S^{X) the set of global sections of A{X), 

S\X) = T{X,AiX)). 

Let $° be a closed element of Then we have the vector spaces 
E^iTxX) for each x ^ X and > 0. We define the vector bundle 
= over X as 

=E^ := y E^iT^X) — > X. 
xex 

for each k > 0. (Note that the fibre of E"-*- is g/f).) Then we define the 
grated module r{E) over r(A*) as 0fc r{E'^), where F denotes the set of 
global C°° sections and is the sheaf of germs of smooth p forms on 
X. 

Theorem 1-2. T{E) is the differential grated module in 0fcr(0^A^*+'^~-^) 
with respect to the exterior derivative d. 

Proof. Since T{E) is the grated module generated by T{E^), it is suffices 
to prove that di^^^ is an element of T{E^) for v G T{TX). We denote 
by Diff(X) the group of diffeomorphisms of X. Then there is the action 
of Diff(X) on differential forms on X and we see that S^{X) is invariant 
under the action of Diff(X). An element of r{E^) is given as iy^^ = 
{iv4>i, ■ ■ ■ ,'i'v<Pi)i where v G T(TX). Since $° is closed, we have 

The vector field v generates the one parameter group of transformation 
ft. Then = ■^ft^^\t=o. Since S^{X) is invariant under the action 

of Diff(X), /;(^°) e S^{X). Since the tangent space of 8^ at $° is 
T{E^), L^$o e r{E^). Hence diy^^ e r{E^). From definition oiE''{V), 
we see that da e r{E^) for all a e r{E''-'^) for all k. □ 

Then from theorem 1-2, we have a complex ^^^o 
(#*o) TiE^) TiE^) T{E^) ■•■ , 
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where r(£'*) is the set of C°° global sections for each vector bundle and 
di = d\Ei for each i = 0, 1, 2. The complex ^^^o is a subcomplex of the 
direct sum of the de Rham complex (For simplicity, we call this complex 
the de Rham complex): 

r(^o) p(^i) p(^2) _j2_^ ... 

If O is an elliptic orbit, the complex ^^^o is an elliptic complex for all 
closed E on any n dimensional compact manifold X ( Note that 
the complex in definition 1-1 is the symbol complex of ^,^0 ). Then 
we have a finite dimensional cohomology group H^(^^o) of the elliptic 
complex 7^$o. Since j^^o is a subcomplex of deRham complex, there is 
the map from the cohomology group of the complex #$0 to de Rham 
cohomology group: 

i 

where 

H^{H^^o) = {ae V{E^) \dka = ^}/{dl3\l3 e V{E^-^) }. 

Let O be an orbit in 0^ A^* V* . Then we define the moduli space 971^ (X) 
by 

m^{x) = {^E8^\d^ = }/Difro(x), 

where Diffo(X) is the identity component of the group of diffeomor- 
phisms for X. We denote by '^^{X) the set of closed elements in . 

We have the natural projection tt: '^^{X) '^^{X). Let be an 
element of '^^{X). As we shall show that £-{X) is regarded as a in- 
finite dimensional homogeneous space (a Hilbert manifold). Hence we 
have the tangent space T^oS{X). We denote by 7i the Hilbert space 
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consisting of closed forms. Then the space Tlo{X) is the intersection 
between the Hilbert space 7i and the Hilbert manifold S{X). We define 
an infinitesimal tangent space of DJlo by the intersection TiDT^oS. Since 
T^o£{X) = E^, the infinitesimal tangent space is written as 

nnT^o£{x) = nnE\ 

Then we shall discuss if the infinitesimal tangent space is regarded as 
the tangent space of actual deformations. 

Definition 1-4. A closed element e ^^i^) unobstructed if there 
exists an integral curve ^t(a) in 3Jl(X) for each a ^TiHE^ such that 

^$t(a)|t=o = a 

An orbit O is unobstructed if any G DJloiX) is unobstructed for 
all compact n dimensional manifold X . (see section 3 for the precise 
statement with respect to Sobolev norms.) 

We shall prove the following theorems in section 2. 

Theorem 1-5 ( Criterion of unobstructedness). We assume that 
an orbit O is elliptic. If the map : i^^(#^o) (BiH^^^ (X) is injec- 
tive, then is unobstructed. 

§2. Preliminary results 

Let X be a manifold and we denote by A* the differential forms on X. 
Let P be a linear operator acting on A*. Then the operator P\ A* — ^ A* 
is a derivative if P satisfies the foUowings: 



P(s + t) -P(s) + P(t), 

P(s A t) = P(s) A t + s A P{t). 
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An anti-derivative Q is also a linear operator defined by the following: 

g(s + t) = Q(s) + Q(t), 

Q{s At) = Q{s) A t + (-l)'"'s A Q{t), 

where \s\ denotes the degree of a differential form s. Then the exterior 
derivatives^ is the anti-derivative and the differential representation pa is 
a derivative for each a GEnd(TX). 

Lemma 2-1. The commutator [pa,d\ = Pa d — d o is the anti- 
derivative. We denote by La the commutator [pa,d]. 

Proof. In general the commutator of a derivative P and an anti-derivative 
Q is an anti-derivative if Q preserves degrees of differential forms. 

The operator La is regarded as a generalizations of the Lie derivative. 
Indeed we have 

Lemma 2-2. The commutator La is expressed as 

La-. A" ^ A"+\ 

n 
i=0 

- ^{-iy^^r]{a[ui,Uj],uo, • ' • Un) 

i<j 

where rj is an n form and a ^End{TX) maps a vector Ui to aui G TX 
and we denote by Lam ordinary Lie derivative. 

Proof. It is sufficient to show the lemma with respect to vectors {ui} 
satisfying [ui, uj] = 0. Then we have 

{padr]){uo, ■■■Un) = ^{-l)'{iauidr]){uo, ■ • •, Un) 

i 

{dpar]){uo, ■■■ ,Un) = -^{-l)\diauiV){uo,-' -^Un). 
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Hence from Lam — diaui + 'iauid^ we have the result. 

we also have a description of the commutator between La and pa, 
Lemma 2-3. 

[La,Pb] = iN{a,h) - Lab, 

where a, h GEnd(TX) = /\^ ®T and a tensor N{a, b) e is given 

by the following 

N{a,b){u,v) =ab[u,v] -\-ba[u,v] + [au,bv] — [av,bu\ 
—a[bu, v] + a[bv, u] — b[au, v] + b[av, u], 

for u^v E TX , and iN{a,a) is the composition of the interior product and 
the wedge product of the tensor N(a, a) £ TX <S) A^. 

Remark. The tensor N{a, b) is a generalization of the Nijenhuis tensor. 

Proof of lemma 2-3. For a, 6 GEnd(TX), we have the tensor N{a,b) G 
(g) TX. Then iN{a,b) is the linear operator from A* A*+^. We 
see that iN{a,b) is an anti-derivative. By lemma 2-1, Lab is an anti- 
derivative, where ab denotes the composition of endmorphisms. As in 
proof of lemma 2-1, the commutator [La^Pa] is also an anti-derivative. 
Hence it sufficient to show that the identity in lemma 2-3 for functions 
and 1 forms. For a function /, we have [LaTPa]f = —PaLaf = —La^f. 
Since iN{a,b)f = 0? we have the identity. For a one form 6 by lemma 2-2, 
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we have 

LapbO{u,v) ={LauPbO)iv) - {LavpbO){u) ^ pbd{pa[u,v\) 

=au{pi)9{v)) — av{paO{u)) + 9{ba[u,v]) 
-pbd{[au, v]) + pb6{[av,u]). 



pbLaO{u,v) ={LaO){pbU,v) + {LaO){u, PbV) 

= {LabuO){v) - {LavO){pbu) + e{a[hu,v]) 
HLauO){Pbv) - {LabvO){u)+e{a[u,bv]) 
={ahu){ev) - {av){e{bu)) ^e{a[bu,v]) 
—9{[abu, v]) + 9{[av, bu]) + 6{a[u, bv]) 
-\-{au)e{bv) - {abv)e{u) 
-e{[au, bv\) + e{[abv,u]) 

Hence the commutator is given by 

[La^ Pb]0{u^v) = — {abu){9v) + 9{[abu^v\) + {abv)9{u) — 9{[abv^v\) 
+9{ba[u, v\) + 9{[au, bv\) - 9{[av, bu]) 

—9{a\bu, v\) + 0{a\bv^ u]) — 9{b[au, v]) + 9{b[av, u]) 

= - Lab9{u,v) +iN{a,b)9 

□ 

Lemma 2-4. We assume that $ and pa^ are closed forms respectively. 
Then dpaPa^ is an element ofT(E'^). 

Proof. 

dpapa^ ^padpa^ - Lapa^ = -Lapa^ 

= - PaLa^ - iN{a,a)^ + ^a20- 
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Since = Pad^ — dpa^ = 0, we have 

dpaPa^ = -iN{a,a)^ + ^a2$- 

Since G(a, a) G (g) T = A^(g)End(TX), then it follows from our defini- 
tion of E"^ that 

iNia,a)^ e r{E''). 

Since ^^2$ = -dpa2^ G dT{E^) c T{E^). Hence we have the result. □ 

We denote hj G = G{a,a) the operator iN{a,a) ~ -^a^. Then we 
consider the commutator [pa,G{a,a)]. For simplicity we write this by 
Adp^G{a,a){= Adp^G), 

Adp^G{a,a) = [pa,G{a,a)]. 

The kth composition of commutator is denoted by 

where Ad^^G{a,a) acts on differential forms. 

Lemma 2-5. yl(i^^G(a, a)$° zs an element ofr{E^). 

Proof. At first we consider Ad^^G(a, By lemma 2-3, we have 

Adp^G{a,a)^^ =[pa,G{a,a)]^^ 

= [/Oa,iiV(a,a)]$° - [pa,La2]^^ 

= [pa,iNia,a)]^^ + G{a^,a)^^. 

Since N{a'^,a) G A^0End(TX), as in lemma 2-4 G(a^,a)$° is an ele- 
ment of r(£'^). We see that [pa,iN(a,a)] is give by the interior product 
of the tensor pa{N{a,a)) G A^(S)End(rX), where Pa acts on the ten- 
sor N{a,a). Hence [p^, ijv(a,a)]^° is an element of T{E'^). Therefore 
Ad^^G{a,a)^^ G T^E"^). By induction, we see that Ad^^G(a,a)$o IS an 
element of r(E2^ □ 
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§3-1 Primary obstruction 

In this section we use the same notations as in section one and two. 
The background material are found in [4], [6], [15], and [17]. Our treatment 
of the construction are similar as one in gauge theory [3], [13]. Let X be 
a real n dimensional compact manifold. We fix a Riemannian metric g 
on X. (Note that this metric does not depend on calibration $.) We 
denote by C'^{X, A^) the set of smooth p forms on X. Let Ll(X, A^) be 
the Sobolev space and suppose that s > + i.e., the completion of 
C°^{X, A^) with respect to the Sobolev norm || \\s, where k is sufficiently 
large ( see [6] for instance). Then we have the inclusion L^(X, A^) — > 
C^{X,A'^). We define by 

(3-1-1) el = c'{x,Ao{x))nLl{x,eUAP^). 

Then we have 

Lemma 3-1-1. 8} is a Hilbert manifold (see [15] for Hilbert manifolds 
). The tangent space T^oS} at $° is given by 

T^oSl = lI{x,e'^). 

Proof. We denote by exp the exponential map of Lie group G =GL(n, M) . 
Then we have the map kx 

(3-1-2) kx-.E^ (T,X) AiT^X) , 

by 

(3-1-3) /C,(p^$°(x)) = PexpC^°(x). 

for each tangent space TxX. From 3-1-2, we have the map k 



(3-1-4) 



k:Ll{E')^Sl 
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TX 
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^ TX 



X 



id 



^ X 



g eGL(rX) acts on So{X) by 

The tangent space Ti^oS{X) is E'^{X), 

E^{X) = {pa^^ I a e EndiTX) } 

where p is the differential representation of p. We denote by H(rX) 
be the gauge transformations with structure group H,.i.e., the isotropy 
group. Then by lemma 3-1, S is regarded as the infinite dimensional 
homogeneous space GL(TX)/H(rX). Let 7i be the closed subspace of 
I/^(X, ©-^^^A^^) consisting of closed forms. Then dJlg is the intersection 
between 8 and H. The image dE^(X) is given by 



where Ly is the Lie derivative with respect to v G TX. Hence the co- 
homology H^(7^) of the complex is considered as the infinitesimal 

tangent space of the moduli space = 97l(X)/Diffo(X). However, 

the moduli space may not be a manifold in general. This is because the 
infinitesimal tangent space may not exponentiate to the actual deforma- 
tions. Then there exists an obstruction. This is a general problem of 



16 



RYUSHI GOTO 



deformation. In our situation, we must show that the intersection £ ClTi 
is a manifold. In order to obtain a deformation space, we shall construct 
a deformation of in terms of a power series in t. We consider a formal 
power series in t: 

(3-1-5) a{t) = ait + ^a2t^ + ^ast^ + e End{TX)[t], 

where ak G End (TX). We define a formal power series g{t) by, 

g{t) = expa(t) e GL{TX)[t] 

For simplicity, we put a = a{t). The gauge group GL(TX) acts on dif- 
ferential forms by p. This action p is written in terms of the differential 
representation p, 

(3-1-6) =$o+p,,$Ot+i(p«,$o + pa,p«,$V + -- - , 

where p is just written as 

oo ^ 

The equation what we want to solve is , 
(eq*) dPgit)^^ = 0. 

We must find a power series a = a{t) satisfying the condition (eq*). At 
first we take ai such that dpa^^^ = 0. Then it remains to determine 
a2, a3, • • • satisfying (eq>,:). dpg^t-^^^ is written as a power series, 

(3-1-7) dp^(^)$°=^ic^i?fe^^ 
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where Rk denotes the homogeneous part of degree k. Hence the equahty 
dpg[t)^^ = is reduced to the system of infinitely many equations 

(eq*=,= ) dRk = 0, k = l,2,--- 

By our assumption dpa^^^ = 0, we already have dRi = 0. Thus in order 
to obtain a{t), it suffices to determine satisfying (eq>,=^) by induction 
on k. By (3-1-6), the term of the second order dR2 is given as 

(3-1-8) dR2 = ^ (cip«,$0 + dpaja^^"") 

We denote by 062(^1) the quadratic term, 

(3-1-9) 062(^1) = ^{dpa^Pa^^'') 

Then by lemma 2-4 in section 2, O62 is an element of r(£^^), which is 
explicitly written as 

(3-1-10) Ob2{ai) = -i(-^A^(a„aO + ^cx?)^°' 

Since 062(ai) is a d-closed form, this defines a representative of the 
cohomology group H^(:^). In order to determine (22 satisfying dR2 = 0, 
we must solve the equation, 

{eq2) l^dpa^^^ = -062(01). 

The L.H.S of (6^2) cohomologically vanishes in Hence if the class 

[Ob2{ai)] e H'^{jf) does not vanishes, there exists no solution a2 of eq2 
and no deformation with a\. In this sense we call the class [062(^1)] 
the obstruction to deformation of $° ( the primary obstruction ). If 
[062(01)] vanishes, then we have a solution a2 by 

(3-1-11) J^Pa^ = -d\G#{Oh2Ml 

where denotes the Green operator of the complex 7^. It is quite re- 
markable that the representative 062(01) is d-exact form. Hence 062(a) 
is in kernel of the map : H'^{jf) ®iH^'^^^[X). Hence we obtain a 
nice criterion of unobstructedness. 
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Theorem 3-1-2. // the map p : 

The obstruction class [062(01)] vanishes. 

§3-2 Higher obstructions 

Similarly we obtain infinitely many obstructions to deformation of 
We define an operator G{a, a) on A* by 

(3-2-1) G(a, a) = iN{a,a) - , 

where a = a{t) GEnd(rX)[t]. We denote its kih homogeneous part by 
G{a,a)k- Then by lemma 2-4, we have 



We assume that ai, a2, • • • ak-i are determined satisfying dRi = 0, dR2 — 
0, • • • , dRk-i = 0. Then dRk is written as 



(3-2-2) 



062(01) = -—G{a,a)2. 



(3-2-3) 




1=2 



We define Obk{a<k) as ^1^2 T\idpi)k^^, where a^k = CL\t + ^02^^ + 
• • • + {k-i)\ ^k-it^~^ • Then we have 

Proposition 3-2-1. 



dRk 



1 



dpa^^^ + Obkia<k) 



where Obk is written as 



Ofefe(a)=(-iG(a,a)*V^[Pa,G(a,a)]*°---- + (-l)'=-ii[p<,,[---,[pa,G(a,a)]]---]) 



.0 



/ k 



(/(Ad^JG(a,a)),$ 
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where f{x) is a convergent sequence, 

(3-2-3) fi^a:) = -- + -x--x -■■■ = 

and Adp^ is the adjoint operator [pa^ ]■ Substituting Adp^ into f{x), 
we have an operator f{Adp^). This operator consists of commutators. 
Hence f{Adp^)^^ is essentially the interior product o/ $° with respect 
to a tensor of type T A^. Hence we see that Obk{a<^k) £ E'^- 

Proof. In the case k = 1 we have the proposition. We shall prove the 
proposition by induction on k. We assume that proposition holds for all 
I < k. Then we have 



(3-2-4) dRi = -(L„)^$o + (/(Ad^JG(a,a))^ 

We put {La)<k as 

k-l 



1=2 



If dRi = 0(1 < k), from our assumption we have 



(i^a)<.$° = -(/(Ad^JG(a,a))^,$o 

= (-l^G{a,a) + ^[pa,G{a,a)] - ^[pa, \pa,G{a,a)]] + • • • ) 



<k 



(3-2-5) 
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Then by using lemma 2-3, we have 



k 
1=1 

= - (i^a)/c^° - ^ a) + 2paLa)k^'' 

- -^{G{a, a) Pa + 2paG{a, a) + 3papaLa)k^^ 



- ^(G(a, a)paPa + 2paG{a, a) pa + 3paPaG{a, a) + 4:papapaL 



(3-2-6) 



Since the degree of a = a{t) is greater than or equal to one, we have 



(3-2-7) {p^La)k = {p7{La)<.)k. 



Hence from (3-2-7), we substitute (3-2-5) into (3-2-6) and we have 



c?(;Oe.)fc$° = -iLa)k^'' - ^Gia,a)k^'' 

- ^2(^a(-^G(a, a) + ^Ad^M^, a) + ■ ■ ■ )),$° 

- i (G(a, a)pa + 2p,G(a, a))k^^ - i3(p,p,(-iG(a, a) + ■ ■ ■ ))fe$o 
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Then we calculate each homogeneous part with respect to a and we have 

2 2 1 

+ i^PaGia,a) - —paG{a,a) - —G{a,a)pa)k^^ 

2 3 

+ {-^Pa[Pa,G{a,a)] + ^paPaG{a,a))k^^ 

+ ^ {-G{a, a) papa - 2paGG{a, a)pa - 3papaG{a, a)))fc$° H 

= - {La)k^^ - ^G{a,a)k^' + ^[pa,G{a,a)]k^' 

1 —2 2 —3 3 2 

+ i-^Gia, a)paPa + + ^)PoG'pa + + ~ ^)paPaG)k^^ + • • • 

= - (^a)fe$° - + i[p,,G(a,a)]fc$o - ^[pa, + ■ • • 

□ 

We determine such that 

In order that there exists a solution of eqk, it is necessary that [Obk] 
G If [O6/0] = 0, we define by 

(3-2-8) ^paj' = -d\G#{Ohu{a^k)). 

Since Ohk{a^k) is d-exact, then we also have a criterion, 

Theorem 3-2-2. //p^ Z5 injective, then Ohkia^k) vanishes for all k. 

Thus we construct a power series a{t) satisfying dpg(^t)^^ = 0- Next 
we must prove that this power series a{t) converges for sufficiently small 
t. 
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§3-3 Criterion of unobstructedness 

We rewrite definition 1-4 by using the Sobolev norm. 

Definition 1-4. A closed element G S}{X) is unobstructed if there 
exists an integral curve $t(a) in d)ls{X) for each a ^ DTi such that 

An orbit O is unobstructed if any G dKs{X) is unobstructed for all 
compact n dimensional manifold X 

The rest of this subsection is devoted to the proof theorem 1-5 ( 
criterion of unobstructedness). Our method is similar to the one of 
Kodaira-Spencer theory. See the extremely helpful book by Kodaira 
[14] for technical details. 

Proof of theorem 1-5. We already have a formal power series a{t) such 
that 

Hence it is sufficient to prove that a{t) uniformly converges with respect 
to the Sobolev norm || Since {La)k^^ = ^ofe^° = ~dpak^^ 
dRk = 0, a/c satisfies 

(3-3-1) -irf;$a,$° = 06fe. 

As in section 3-2, Ohk is an element of r(E'^). Ohk is also written as 
(3-3-2) Ob, = irf^^^,*" + ■■■ + jj^dpl-l'S.o 

By (3-3-2), we see that Ohk is an exact form. Hence if the map : H'^{jf) 
^iH"^^^^ {X) is injective, then the class [Ohk] ^ H'^iif) vanishes. Hence 
we obtain a solution of the equation (3-3-1) by 

(3-3-3) = -dlG#{Ohk) e E\ 
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We assume that belongs to the orthogonal complement of the Lie 
algebra H, where H is the isotropy group of Hence ak is defined 
uniquely by Pak^^ we have the estimate 

(3-3-4) ||afe||, = Ci||pa,^°IU 

Hence by (3-3-3), we define a formal power series, 

oo 



k\ 

k=l 

Given two power series P{t) = ^j.Pkt^ and Q{t) = Xlfe ^Ikt^ ^ if Pk < Qk 
for all k, we denote it by 

p(^) <g(t). 

We denote by {P)k the homogeneous part of degree k of P{t). Let A{t) 
be a convergent series given by 

k=l 

with 6 > 0, c > 0. b and c will be determined later. As regards A{t) we 
have the following inequality (see section 5-3 in [14]), 

A{t)' « (2)'-iA(t). 

Fix a natural number s. We shall show by induction on k if we choose 
appropriate large b and c, 

( *fc ) \\a<k\\s A{t), 

where ||a<fc||s = X]f=i ifll^dls^^ We assume *k-i holds and make an 
estimate By (3) we have the inequalities for constants C2,C3, 

lihkWs =Cl^\\pa,^'\\s = C,\\dtG#iObk)\\s 

<C2\\G#{Obk)\Ui < Cs\\Obk\\s-i 
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By theorem 3-2-1, we have an estimate, 

||O5fc|U_i<(i||G(a,a)<|.0|U_i + i||Ad^„G(a,a)<I>0|U_i+- + ^||AdJ;2G(a,a)*0|U_i)^ 
<C4(^||G(a,a)|U_i + i2||a|U_i||G(a,a)|U_i + -^2'=-2||„||fe-2||G(a,a)||,_i)^ 
<G4(/(2||a<fe|U-i) ||G(o,o)fe|U_i)fe, 

where f{x) = ^{e^ — 1 — x). We have an estimate of G(a, a), 
(3-3-5) ||G(a,a)||s_i < C5||a||s||a||s 

Hence by (3-3-5), 



\\Obk\\s-i < Ce (^(i + ^2||a<,||, + • • • + ^2^-i||a 



fc-2\||^ l|2 



<feiis ;ii^<feiis I 5 

k 



where Cq is a constant. By the hypothesis of the induction, 

||06fe|U_i<G6((i + i2A(t) + - + i2'=-iA(t)'=-2)A(t)2)^ 
<C6((^ + ir2A(t) + ^22(^)A(t)... + ^2'=-i(^)'=-3A(t))(^)A(t))^ 
=G6((i(|)A(t)+i2(|)A(t)+i22(i)2A(t)... + ^2'=-i(|)'=-2A(t)))^ 



<Ce^{e^P-l-2p)Ak{t), 



where p = ^- We define p by Ce ^ (e^^ — 1 — 2p) = 1 . Then we obtain 

\\Obk\\s-i < Ak{t) 

Therefore we have ^ 

— ||a/c||s < CsAkit). 

Since A{t) is a convergent series for sufficiently small t, we see that a{t) 
uniformly convergents. □ 

Further we assume that 
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where dl is the adjoint operator and 

> ■■■ . 

We also apply elliptic regularity to pg(^t)^^- As in our construction, we 
have 

oo ^ 
1=2 

d'oPa^"" = 

Hence Po^° is a weak solution of an elliptic differential equation, 

oo ^ 
1=2 

Hence we obtain 

Theorem 3-3-1. If p"^ is injective, then there exists a solution of the 
equation * for all tangent [pa^^] e/f^(#$o). i.e., There exists a smooth 
form Pexpa{t)^^ £ dJl{X) such that 

{Pe^pa{t)^^y \t=0 = Pa^^ 

§4. Calabi-Yau structures 

§4-l.SL„(C) structures. Let V be a real 2n dimensional vector space. 
We consider the complex vector space V <S) C and a complex form O G 
A"y* C. The vector space kerO is defined as 

Ker n = {v eV ^C\iyn = 0}, 

where iy denotes the interior product. 
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Definition 4-1-1 (SLj^(C) structures). A complex n form Q is an 
SLn{C) structure on V if dime Ker ft = n and Kerft fl KerQ = {0}, 
where Ker is the conjugate vector space. 

We denote by Asl{V) the set of SL„(C) structures on V. We define 
the almost complex structure Iq on V by 

f -^/^v iiv e Ker ft, 
Iniv) = < — — - 
t live Ker ft. 

So that is, Ker Q = T^'^V and Kerft = T^'^V and i7 is a non-zero (n, 0) 
form on V with respect to 1^. Let J be the set of almost complex 
structures on V. Then AsL{y) is the C*— bundle over J. We denote by 
p the action of the real general linear group G = GL{y) = GL(2n,M) 
on the complex n forms, 

p: GL{V) End (A"(y C)*). 

For simplicity we denote by Aj^ complex n forms. Since G is a real group, 
AsLiy) is invariant under the action of G. Then we see that the action 
of G on AsLiV) is transitive. The isotropy group H is defined as 

H = {geG\pgft = ft}. 

Then we see H =SL(n, C). Hence the set of SLn(C) structures AsLiV) 
is the homogeneous space, 

Asl{V) = G/H = GL{2n,R)/SL{n, C). 

(Note that the set of almost complex structures J' =GL(2n, R)/GL(n, C). 
) An almost complex structure / defines a complex subspace T^'° of di- 
mension n. Hence we have the map J' — ^Gr(n, C^""). We also have the 
map from Asl (V) to the tautological line bundle L over the Grassman- 
nian Gr(n, C^"^) removed 0— section. Then we have the diagram: 

Asr^iV) > L\0 

c* 

J > Gr(n,C2^) 
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■^sl{V) is embedded as a smooth submanifold in n— forms A"". This is 
Pliicker embedding described as follows, 



L\0 



A"\{0} 



J 



CP 



n 



Hence the orbit Osl = AsLiV) is a submanifold in A" defined by Pliicker 
relations. Let X be a real 2n dimensional compact manifold. Then we 
have the G/H bundle Asl{X) over X as in section 1. We denote by 
S = Sj^ the set of smooth global sections of Asl{X). Then we have the 
almost complex structure Iq, corresponding to Q £ 8^. Then we have 

Lemma 4-1-2. If ft ^ is closed^ then the almost complex structure 
Iq is integrahle. 

Proof. Let {Oi}'^^^ be a local basis of r(A-'"''^) with respect to fl. From 
Newlander-Nirenberg's theorem it is sufficient to show that d9i G r(A^''^0 
for each 9i. Since O is of type A'^'^, 



Since dQ — 0, we have 

deiAn = 0. 

Hence dOi e r(A2'0 A^'^). □ 

Then we define the moduli space of SL„(C) structures on X by 



dJisLix) = {ne el^\dn = o}/Diffo(x). 



From lemma 4-1-2 we see that DJIsl{X) is the C*— bundle over the moduli 
space of integrable complex structures on X with trivial canonical line 
bundles. 
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Proposition 4-1-3. The orbit Osl is elliptic. 

Proof. Let A^'^ be forms on V with respect to Iqq G Asl^Y)- In 

this case we see that 

^1 _ /\n,0 ^ ^n-1,1 



n,l 



A 



n-1,2 



= A 

Hence we have the complex : 

/\n-l,0 ^ j\n,0 /\n-l,l 

for u ^ V. Since the Dolbeault complex is elliptic, we see that the 



Au 



Au 



complex — > — > E"^ 



is exact. □ 



Proposition 4-1-4. Let Iq be the complex structure corresponding to 
U £ S^. If dd lemma holds for the complex manifold {X,Iq), then 
H'^{if) ^ ei/^-i'2(X) and p'^ : H'^O^) ^ //^+i(X,C) is in- 

jective. In particular, if {X, /q) is Kdhlerian, p^ is infective. 

Proof. As in proof of proposition 4-1-3 the complex is given as 

r(A"-i'0) — ^ r(A"'0 e a^-^'^) — ^ r(A"'i e a^-^'^) — ^ • ■ 



Then we have the following double complex: 



r(A"'0) — 



d 



r(/\n-l,0) 

d 



r(A"'i) -^-^ r(A^'2) — ^ 



d 



^ r(A^-i'i) 

5 



r(A^-i'2) 

d 



r(A"-2,o) r(A"-2'i) r(A"-2'2) 
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Let a = X ^ y he a closed element of r(A"''-'^) r(A'^ ^''^). Then we have 
the following equations, 

(1) dy = 0, 

(2) dx + dy = 0. 
Using the Hodge decomposition, we have 

(3) y^Hariy)+d{d*Ggyl 

where Gq is the Green operator with respect to the 5— Laplacian and 
Har{y) denotes the harmonic component of y. We also have 

(4) X = Har{x)+d{d*Gox), 

where Gq is the Green operator with respect to the 5— Laplacian and 
Har{x) denotes the harmonic component of x. We put s = d*GdX and 
t = d G-gy respectively. Then we have from (2) 

(5) dds + ddt = dd{s -t) = 0. 

Applying dd-\emma,, we see from (5) that there exists a 7 G a'^"^'^ such 
that 

(6) d{s -t)= dd^. 
Hence we have from (4), 

X =Har{x) -\- ds = Har{x) -\- dt + d{—dj) 
y =Har{y) + dt. 

Thus if Har{x) = and Har{y) = 0, then a is written as a = x + y = 
d{t - 57) where t - ^7 G = A"-° A"-^'^ It implies that the 
map p^: H^iif) — > i7"+i(X,C) is injective and ^ 

Remark. Similarly we see that 
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§4-2. Calabi-Yau structures. Let V he a real vector space of 2n 
dimensional. We consider a pair $ = {^,u) of a SL^(C) structure O 
and a real symplectic structure a; on y, 

n 

u e aV*, ua--au ^ 0. 

We define gn,uj by 

9n,u;iu,v) = uj{Inu,v), 

for u,v eV. 

Definition 4-2-1 (Calabi-Yau structures ). A Calabi-Yau structure 
on V is a pair $ = (Q, a;) such that 

(1) nAuj = o, nALj = o 

n 

(2) ^ A^ = Cn'oJ A - ■ Au 

(3) ga,oj 'is positive definite. 

where Cn is a constant depending only on n,.i.e, 

n(n-l) 2*^ 

Cn = (-1) 2 T- 

From the equation (1) we see that uj is of type A^'^ with respect to the 
almost complex structure Iq,. The equation (2) is called Monge- Ampere 
equation. 

Lemma 4-2-2. Let AcYiV) be the set of Calabi-Yau structures on V. 
Then There is the transitive action of G =CL{2n,'K) on Acy{V) and 
AcviV) is the homogeneous space 

Acy{V) = GL{2n,R)/SU{n). 
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Proof. Let g^^^v be the Kahler metric. Then we have a unitary basis of 
TX. Then the result follows from (1) and (2). □ 

Hence the set of Calabi-Yau structures on V is the orbit Ocy, 

OcY C A"(F(g)C)*eAV*. 

Let y be a real 2n dimensional vector space with a Calabi-Yau struc- 
ture $° = {OP,uj^). We define the complex Hodge star operator >kc 
by 

a A *c/? =< a,P > Q^, 

where a, (3 E A*'°. The complex Hodge star operator *c is a natural 
generalization of the ordinary Hodge star *, 

The vector space is , by definition, 

^o^(y) = { (i^oO,i^a;°) G A^-^'° ®A^\veV} 

The map TX /\n-i,o gjygj^ j-jy y |_^ i^Q^. Then we see that this 
map is an isomorphism. Hence the projection to the first component 
defines an isomorphism: 

The is the tangent space of Calabi-Yau structures Acy{X). Hence 
by (1) and (2) of definition 4-2-1, the vector space E'^{V) = E'^y{V) is 
the set of {a, P) G A^ © A^ satisfying equations 

a A a;° + 0° A = 0, 

(4) aADP + n^Aa = ncn(3 A 
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Let P^'^ be the primitive cohomology group with respect to uj . Then 
we have the Lefschetz decomposition, 

(5) 

where /^^'"^ = /^'^'^ and Pj^'"^ denotes the real primitive forms of type 
(1, 1). Then equation (4) is written as 

(6) Aa;Aa; + OA/?°'' = 0, 

(7) An = nc„/3°'V 

Then we see that (6) gives a relation between a^'"^'^ and /?^'° and (7) 
also describes a relation between a^'^ and /?°'°. Since there is no relation 
between the primitive parts p^^-i'i and -Pj^'^, the kernel of the projection 

is given by the primitive forms Pj^' . Hence we 
have an exact sequence: 

(8) > P^'^ > > A'^'O A"-i'i > 0. 

The vector space is the subspace of A"-'-^ A"-"-^'^ A|. We also 
consider the projection to the first component and we have an exact 
sequence: 

(9) (A^'^ A^'^)ffi El^ A^'^ A"-^'2 0, 

where (A^'-^ A-^'^)m denotes the real part of A^'-^ A-^'^. Let X be a 
2n dimensional compact Kahler manifold. We denote by A*'-^ ( global ) 
differential forms on X of type The real primitive forms of type 

is denoted by Pj^'"'. Then we have a complex of forms on X by 
using the exterior derivative d: 

(10) > P^'' (A2'10A1'2)m ••• . 
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proposition 4-2-3. The cohomology groups of the complex (10) are 
respectively given by 

p;'\ (i?2'i(x)ei7i'2(x))M, 

where P^'"^ denotes the harmonic and primitive forms. 

Proof. By using Kahler identity, we see that a closed primitive form of 
type (1,1) is harmonic. Hence the first cohomology group of the complex 
(10) is Pi'\ Let g be a real d- exact form of type A^^'^^ A^^'^). The 
applying 55-lemma, we show that q is written as 

q = da, 

where a = d*r) G A^'^ and 77 G (A^'-*^ A-'^'^)^. We shall show that there 
exists G A^ such that d*r}+dk G . By the Lefschetz decomposition, 
the three form 77 is written as 

7] = s + e ^uJ^, 

where s G (P^'-*^ P^'^)m, and 9 G A^. Let A^o be the contraction with 
respect to the Kahler form a;°. Since A^o and d* commutes, 

A^^od*r] = d* A^o r] = d* A^o (s + 9auj^) = d*9. 

On the other hand, applying Kaher identity again, we have 

Ai^odk = d A(^o k + y/^d*k = y/^d*k, 

where d* = d* — d* . Since k e A^, 

d*k ={d* - d*)k = d*k^'^ - d*k^'^ 
= (6'*+^*)(/c^'0-/cO'^). 
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Hence if we define k by 
tfien 

A^o{d*r]+dk) = d*e+V^d*{k^'°-k^'^) = d*e+{-d*e^'^-d*e^'^) = o. 

Hence each exact form q of type (A^'^ A^'^)]r is given by 

q = d{d*r] + dk), 

where d*r) -\- dk G P^'^- Thus the second cohomology group of the com- 
plex (10) is □ 

Theorem 4-2-4. The cohomology groups of the complex H^cy'- 

> — - — ^ E^y — - — > Ely — - — ^ • • • , 

is respectively given by 

i?"'O(X)0i?^-i'i(X)0Pi^'\ 

i7i'2(X))M, 

In particular , is injective for k = 0,1,2. 
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Proof. By (8) and (9), we have the following diagram: 

















CY 



E 



CY 



^ /\n-l,0 ^ /\n,0 ^ /\n-l,l ^ ^n,l ^ /\n-l,2 















At first we shall consider H^(#c;i-)- We assume that (s,t) G E"^^ is 
written as an exact form, i.e., (s,t) = {da^db). Let a be an element of 
^n,O0^n-i,i_ xhere is a splitting map A: A'^'° ©A*^"^'^ A^ such that 
(a, A(a)) is an element of E^^. Hence 



[da, dX{a)) £ 



2 

cr ■ 



By (10), we see that 



db - dX{a) e (A^'^ © A^'^) 



Then by proposition 4-2-3, there exists p G Pi'^ such that 



db — d\{a) = dp. 



Hence (s, t) is written as 



(s,t) = {da,db) = {da,d{X{a) +p))- 
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where (a, A(a) +p) G E^y- Hence we see that 

Next we shall consider H'^{^cy)- Let (a, 6) be an element of E^.^ and 
we assume that (a, 6) = (^77,^7). Then s is written as s = iyft'^ for 
some G TX . By our definition E"^^, {iv^^, iv^^) is an element of E'^^- 
Hence d'y — diyUJ^ G P-^''^ ■ By proposition 4-2-3, a d-exact, primitive form 
vanishes. Thus dt — diyU^ = 0. Hence (a, 6) = {dr],d'y) = {diyfP,diyUJ^), 
where {iyil,^ , iyUJ^) G E'^^. Hence we see that 

Similarly we see that E^^{X) = 

§5 HyperKahler structures 

Let y be a 4n dimensional real vector space. A hyperKahler structure 
on V consists of a metric g and three complex structures I, J and K which 
satisfy the followings: 

(1) g{u,v) = g{Iu,Iv) = g{JuJv) = g{Ku, Kv), for u,v 

(2) = J^ = K^ = UK = -1. 

Then we have the fundamental two forms uji,ujj,ujk by 

uJi{u,v) =g{Iu,v), ujj{u,v) = g{Ju,v), 

(3) ujKiu,v) = g{Ku,v). 

We denote by uc the complex form ujj + ^/—ilJlJK■ Let Ahk{V) be the 
set of pairs (lji^ujc) corresponding to hyperKahler structures on V. As 
in section one AHKiV) is the subset of A^© a| and the group GL(4n, R) 
acts on Ahk{V)- Then we see that AuKiV) is GL(4n, M)— orbit with 
the isotropy group Sp(n), 

(4) Ahk{V) = GL{4n, R)/Sp{n). 
We denote by Ohk the orbit AHKiV)- 
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Theorem 5-1. The orbit Ohk is elliptic and unobstructed. 

We shall prove theorem 5-1. Let $° = (a;j,a;j,a;^) be a hyperKahler 
structure on a An dimensional vector space V . We denote by uJ^ the com- 
plex symplectic form uJj + y/^^u/j^. Then we consider the pair {uo^j^uj^). 
The vector space E^^^ are respectively given by 

El^ = {{i,Lj'i,i,uj^^)\v eTX] 

EIk = { {Pa^lPa^h I a G End{TX) }. 

Then we consider the projection to the second component and we have 
the diagram: 











E 



HK 



E 



HK 



E 



HK 



A 



1,0 



^2,0 ^ /^1,1 



A 



3,0 



A 



2,1 





Let I, J,K he the three almost complex structures on V. Then we denote 
by Aj ""^ forms of type (1, 1) with respect to /. Similarly Aj^( resp. a]^^) 
denotes forms of type (1, 1) w.r.t J ( resp. K). We define A^^ by the 
intersection between them, 

aL = a}'' n A^'' n A^\ 

Note that a G A^^ is the primitive form with respect to /, J, and K. 
When we identify two forms with so(4m), we have the decomposition: 

A^ = sp(4m) so(4m)/sp(4m). 

Then A^^ corresponds to sp(4m). Hence the dimension of A^^ is 2m^ + 
m. We also see that 

dim^ E^jj^ = dim^ gl (4m, M.) / sp(4m) = 14m^ — m, 

dimro A^'° A^'^ = 12m^ - 2m 
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' HK 



In fact we see that the kernel of the map E\ 
by ■ We also define A^^^ by real forms of type (A^'-^ ® A^'-^)k 

for each /, J, and K. Then we also see that the kernel of the map 
~^ ® ^^'^ ® /^"^'^ is ^%K- We consider the following complex: 



(HK) 







A 



HK 



A 



HK 



As in proof of Calabi-Yau structures, we see that the cohomology groups 
of the complex (HK) are respectively given by 

= { real harmonic forms of type(l, l)w.r.t I,J,K} 



M^HK = { ^^^i harmonic forms of type A^'"^ A"*"'^ w.r.tl.J.K } 



1,2 



Hence we have the following: 















A 



HK 



A 



HK 











^HK 



E 



HK 



E 



HL 



A 



1.0 



A^'°eA^'^ 





Theorem 5-2. The cohomology groups of the complex H^hk dre given 
by 

i^°(#Hx) = H'^'iX) 
H\H^nK) = i?''°(X) H^'\X) If 



HK 5 



H^{ij^H^) = ij3'0(x) ij2'i(X) i7i'2(X) H 



3 

HK • 
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In particular, the map p is injective for = 0, 1, 2. 

Proof. The proof is essentially same as in the case of Calabi-Yau struc- 
tures. Let A be the splitting map A^'° A^'-*^ — ^ -E-^k- Let (s,t) by an 
element of We assume that {s,t) = {da, db) for b e A^'° A^'^ and 

a G A^. By using the splitting map A, we have (A(6),6) G Ej^j,. Then 
{dX{b),db) e E]jj^. Hence da — dX{b) G A^^. Then there is an element 
7 ^ ^"hk such that 

da — dX{b) = d"). 

Hence (s,t) = {da,db) = {d{X{b) +-f),db), where ((A(6) +7,6) G 
Thus we have 

Similarly we see that 

= H''%x) ffi'Hx) ml, 

□ 

Proof of theorem 5-1. This follows from theorem 5-2 and theorem 1- 
5. □ 

§6. G2 STRUCTURES 

Let y be a real 7 dimensional vector space with a positive definite 
metric. We denote by S the spinors on V . Let be an element of S 
with llcr'^ll = 1. By using the natural inclusion 5 5 C A* y*, we have 
a calibration by a square of spinors, 

(g) a° = 1 + 0° + + vol, 

where vol denotes the volume form on V and 0° ( resp. ip^ ) is called 
the associative 3 form ( resp. coassociative 4 form ). Our construction 
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of these forms in terms of spinors is written in chapter IV §10 of [16] and 
in section 14 of [8]. Background materials of G2 geometry are found in 
[7], [10,12] and [18]. We also have an another description of 0° and if)^ . 
We decompose V into a real 6 dimensional vector space W and the one 
dimensional vector space R. Let {OP^uo^) be an element of Calabi-Yau 
structure on W and t a nonzero 1 form on M. Then the 3 form 0° qj^^^ 
the 4 form are respectively written as 

00 = a;° A t + Im 0°, = icj° A a;° - Re 0° A t. 
Then as in section 1, we define G2 orbit O = 

Og, = { (0, V^) = Pgi^"") 1 9 e GL{V) }. 

Note that the isotropy group is the exceptional Lie group G2 . We denote 
by AG2iy) the orbit Og2- Let X be a real 7 dimensional compact 
manifold. Then we define a GL(7,M)/G2 bundle Ag2{^) by 

AG2iX)= [JAg2{T,X). 

xGX 

Let £q^ be the set of smooth global sections of ^^2(^^)5 

sh2ix) = rix,AG2ix)). 

Then the moduli space of G2 structures over X is given as 

mG2 (X) = { (cj), ^) G S'a2 I # = 0, # = }/Diffo(X). 
We shall prove unobstructedness of G2 structures. 
Theorem 6-1. The orbit Og2 elliptic and satisfies the criterion. 

The rest of this section is devoted to prove theorem 6-1. In the case 
of G2, each E'^ is written as 

{(i^0°,i^V^°)GA^eA^|i;Gy} 

{ A 0, ^ A V^) e A^ e A^ I ^ e a\ (0» e E}.^ }. 



ipi 771I 

— G2 — 

I7'2 77i2 

jjj — rL/Q — 
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The Lie group G2 is a subgroup of SO (7) and we see that G2 = {g ^ 
GL{y) I pg(lP = 0° }. Hence we have the metric corresponding to each 
3 form (j). Let *(^ be the Hodge star operator with respect to the metric 
g(j). Then a non hnear operator B(0) is defined as 

(1) 6(0) = 

According to [10], the differential of O at is described as 

4 

(2) J((/)) = dG{a)^ = - * 7ri(a) + *7r7(a) - >K7r27(a), 

for each a G A^, where we use the irreducible decomposition of 3 forms 
on V under the action of G2, 

(3) = Af + A? + Ai7, 

and each tt^ is the projection to each component for i = 1,7,27, ( see 
also [9] for the operator J ). From (1) the orbit is written as 

(4) Og, = {(0,6(0)) 10 GA^}. 

Since Eq^{V) is the tangent space of the orbit at (0°, -0°), from (2) 
the vector space Eq^ (V) is also written as 

(5) E}.^iV) = { (a, Ja) G A^ e A^ I a G A^ }. 

Let X be a real 7 dimensional compact manifold and (0^,-0*^) a closed 
element of 8q^{X). Then we have a vector bundle Eq^{X) — ^ X by 



(6) Eh,{X)= [jEh^iT^X], 

xex 

for each i = 0, 1, 2. Then we have the complex i^G2^ 

> r(is« ) r(EhJ T(E%\ 
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The complex is a subcomplex of the de Rham complex, 







di ^^^2 \ d2 



■ • • > r(A2 e A^) -^-^ r(A3 e a-^) -^-^ r(A4 e a^) -^-^ ■ 

Then we have the map J)!; H^^ij^o^) ^ H^{X)Q)H^{X) andp^; i^2(^^J 
H'^{X) H^{X). The following lemma is shown in [9]. 

Lemma 6-2. Let = db"^ be an exact 3 form, where 6^ G T{a'^). If 
dJdb'^ = 0, then there exists 7^ G r(A7) such that db'^ = ^7^. 

We shall show that is injective by using lemma 6-2. 

Proposition 6-3. Let a = {a^,a^) be an element ofV{EQ^)- (as- 
sume that there exists (6^,6^) G r(A^ A^) such that 

(7) (a^a^) = {db^,db^). 
Then there exists 7 = (7^,7^) G r(£'^^) satisfying 

{db^.db^) = {dj'^,d^^). 

Proof. From (5) an element of r(E'^^) is written as 
From (7) we have 

(8) dJdb^ = da'^ = ddb^ = 
From lemma 6-2 we have 7^ G r(A7) such that 

(9) db^ = d-f^. 
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Since 7 G r(A7), 7 is written as 

(10) 7 = 

where v is a vector field. Since 0° is closed, 6^7 is given by the Lie 
derivative, 

(11) = diycp^ = L^(lP. 

Then since Diffo acts on 8q^, {Lv4>^ , Lytjj^) = (diycl)^ , diyi/j^) is an ele- 
ment of V^Eq^). Hence from (5), we see 

(12) diytjj^ = Jdiycj)^ = Jd-f^. 
From (12) we have 

(13) {db^, dh^) = {db^, Jdh^) = (diycj), diytjj), 
where (i,(^o,i,'0O)Gr(^O). □ 



2 • 

2 



Next we shall show that p is injective. 

Lemma 6-4. Let V be a real 7 dimensional vector space with a G2 
structure Let u be a non-zero one form on V. Then for any two 
form rj there exists 7 G such that 

u A J{u A 77) =u f\ J{u A 7) = — 2 * ||ii||7, 
ivl = 0, 

where v is the vector which is metrical dual of the one form u and * is 
the Hodge star operator. 

Proof. The two forms A^ is decomposed into the irreducible representa- 
tions of G2, 

A^ = A7 e A?4. 
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We denote by 777 the Aj-component of 77 G A^. The subspace i/aA^ is 
defined by {u A 77 G A^\r] G A^}. we also denote by uaAj the subspace 
{u Ar]7 G A^lr; G A^}. Then we have the orthogonal decomposition , 

(6-4-1) uaA^ = ua A7 ®{uaA^)^, 

where {uaA^)-^ is the orthogonal complement. By the decomposition 
6-4-1, w A 77 is written as 

(6-4-2) uAr) = uAr)7-\-uArj. 

for 77 G A^. Then we see that 

(6-4-3) iviuAfj) G A?4. 

Since 777 is expressed as iw(t^^ for w we have 

u A J{u A 777) =u A J{u A iw4>^) 
=u A Jpa4>^, 

where a = w®ueV ®V* =End(y). Since Jpa</>° = PaV^°, 
u A Jpa4>^ = uA pai^^ = uA{uA iwi^^) = 0. 

Hence 

(6-4-4) uAJ{uA 777) = 0. 

Then by 6-4-2 we have 

(6-4-5) u AJ{u AT]) =u AJ{u AT]), 

fj is written as 

(6-4-6) 77 = ^/ii^ {iv {uAr]) + uA ivf}) . 

2 m r 
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We define 7 by 

By 6-4-3, 7 e A?4. By 6-4-5,6 we have 
(6-4-7) u A J(u A//) = u A J(u A7). 

Since 7 e A14, 7 A -0° = 0. Ttien it follows that 
(6-4-8) A w A 7 = 0. 

We also have *7 = —7 A 0° from 7 G Af4. Since it;7 = 0, we have 
u A (*7) = 0. Thus 

(6-4-9) 0° A u A 7 = 0. 

By 6-4-8 and 6-4-9, we have 

(6-4-10) w A 7 G 

Then by 6-4-7, 

u A J{u At]) =uA J{u A 7) 

= — u A A 7) = — * A 7 

= - 2||ii|p(*7) 

□ 

Proposition 6-5. Let Eq^{V) be the vector space as in before. Then 
we have an exact sequence, 

> Af4 > El^{V) > A^ > 

Proof. The map Eq^ —> A^ is the projection to the first component. We 
denote by Ker the Kernel of the map Eq^ A^. We shall show that Ker 
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= Af4. Let {vi, V2, - • • , i't} be an orthonormal basis of V. We denote by 
{u^ ,u^, - ■ ■ ,u^} the dual basis of V* . Let (s, t) be an element of Eq^ (V) , 
where s G A"* and t G A^. Then we have the following description: 

(6-5-1) s = A ai + A a2 -\- ■ ■ ■ + A aj, 

(6-5-2) t = A Jai -\- A Ja2 -\ l-u^AJar. 

where ai, a2, • • • , £ A^ satisfying 

ividm = 0, VZ < m. 

We assume that (s, t) GKer. Then s = 0. By 6-5-1, we see that v} Aai = 
0, for all I. Hence each ai is written as 

(6-5-3) ai = v} A r]i 

where rji ^ A^. By (6-5-2) we have 

7 

(4-4) t = ^v} AJ{u^ A'qi). 

1=1 

Then it follows from lemma 6-4 there exists 7/ such that 

7 7 
^ = ^ A J(n^ A 7z) = -2 ^ lk^||'(*7/), 

where 7/ G A14. Hence t G Af4. Therefore we see that Ker = Af4. □ 

Lemma 6-6. Let X be a compact 7 dimensional manifold with G2 struc- 
ture (i.e., = 0). Then for any two form r] there exists 7 G A14 
such that 

dJdr] = dJd'y = — * A7, 
c/*7 = 0. 
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Proof. We denote by dA^ the closed subspace {dr]\r] G A^}. Since dAj = 
{drj7\rj7 G A7} is the closed subspace of dA^, we have the decomposition, 

(6-6-1) dA^ = dA^ e (c/A?)^ 

where (dAj)-^ denotes the orthogonal subspace of dAj. By 6-6-1, dr] is 
written as 

dr) = drjr -\- dfj, 
where df) G (dAj)-^. Hence we have 
(6-6-2) d*dfi G A?4 

As in the proof of lemma 6-4, 777 is written as iw4>^ for some w G TX. 
Hence 

(6-6-3) dJdr}7 = dJdi^cfP = dJLwcjP = dL^ifP = ddiwijj^ = 0. 

Thus dJdf] = dJdfj. By the Hodge decomposition, we have 

fj = Harm{fj) -f- dd*Gfj -\- d*dGfj, 

where Harm{fj) is the harmonic part of fj and G denotes the Green 
operator. We define 7 by 

7 = d*dGfj. 

Then by Chern's theorem ( ttjG = Girr) and 6-6-2, we see that 7 G A14. 
Then dfj = d^y and c?*7 = 0. Since 7 G A14, we have 7 A = and 
*7 = ~7 /\ 0° • Hence we have 
(6-6-4) djA(J)^ = 0, 

(6-6-5) djAip^ = 0. 

Hence it follows from 6-6-4,5 that 
(6-6-6) c?7 G aIt 

Then by 6-6-6, 

By 6-6-3, 

□ 



dJdj = —d * 6^7 = — * A7. 
dJdr] = — * A7. 



48 



RYUSHI GOTO 



Proposition 6-7. 

H\i^G,) = H\X)®HUX). 

In particular, 

: H\i^G.) H\X) ® H\X) 

is injective. 

Proof. Let (s, t) be an element of Eq_^ (X). We assume that s, t are exact 
forms respectively,i.e., 

(6-7-1) s = da, t = db, 

for some a E and 6 G A^. Then we shall show that there exists a G 
such that da = da and db = dJd. Since {da, dJa) is an element of Eq^ , 
it follows from proposition 6-5 that 

(6-7-2) db - dJa e A^^. 

We shall show that there exists 77 G A^ satisfying, 

(6-7-3) db = dJ{a + drj) 

In order to solve the equation (6-7-3), we apply lemma 6-6. Then there 
exists 7 G Ai4 such that 

(6-7-4) dJdr) = - * A7 

d*j = 0. 

Substituting 6-7-4 to the equation (6-7-3), we have 
(6-7-5) - * A7 = 6^6 - dJa 

Then by (6-7-2), there exists a solution 7 of the equation (6-7-5), 

7 = -G * {db - dJa) G a\^. 
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Hence if we set a = a-\- d^y, {s,t) is written as 

s = dd = d{a + (i7), 
t = dJd = dJ{a + dj) 

Therefore p"^ : i^^(#G2) ~^ H'^{X) ® H^{X) is injective. Furthermore 
we consider harmonic forms IHI^(X) and IHlf4(X). By Chern's theorem 
H'^{X)eHf^{X) ^ e4(X) eef4(X). Since the complex is elhptic, 
H^(#G2) is represented by harmonic forms of the complex jj^G2i-^-^-i 

Then we see that there is the injective map 

w\x)®wUx)^w\n^G.). 

Since is injective, we have 

h\h^g.)^h\x)®hUx). 

□ 

§7. Spin(7) structures 

Let y be a real 8 dimensional vector space with a positive definite 
metric. We denote by S the spinors of V . Then 5* is decomposed into 
the positive spinor 5'"'" and the negative spinor . Let ctq be a positive 
spinor with \\(Tq\\ = 1. Then under the identification S ® S = f\*V ^ we 
have a calibration by the square of the spinor, 

o-^ (g) o-J = 1 + + vol, 

where vol denotes the volume form on V and is called the Cayley 
4 form on V (see [8], [16] for our construction in terms of spinors). 
Background materials of Spin(7) geometry are found in [11,12] and [18]. 
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we decompose V into a real 7 dimensional vector space W and the one 
dimensional vector space M, 

V = WeR. 
Then a Cayley 4 form is defined as 



where G Og2(^) ^^id ^ is non zero one form on M. We define 

an orbit Ospinii) = '4spin(7)(^) by 

Cspin(7) = {p,^°|pGGL(y)}. 

Since the isotropy is Spin(7), the orbit Cspin(7) is written as 

C^spin(7) = GL(y)/Spin(7). 

Let X be a real 8 dimensional compact manifold. Then we define 

^Spin(7)(^) by 

-4.Spin(7) (-'^) = U '4spin(7) (^a;^) > X. 

We denote by ^spin(7)(^) global section of ^spin(7)(-^)) 

^Spin(7)(-^) = Apin(7)(-^))- 

Then we define the moduli space of Spin(7) structures over X as 

9?tspin(7)(^) = { $ e ^s'pin(7) I = }/Diffo(X). 

The following theorem is shown in [11,12] 
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Theorem 7-1. [11,12] The moduli space 99Tspin(7) (-^) ^-s cl smooth man- 
ifold with 

dimOJlspin(7)W=?>^ + ?>7 + &t5, 

where Harmonic 4 forms on X is decomposed into irreducible represen- 
tations of Spin (J), 

each bj denoted dimH|^ for i = 1, 7, 27 and 35. 

Note that EI'^(X) is decomposed into self dual forms and anti-self dual 
forms, 

M^(X) =M+eEi-, 

where 

Ei+(x) = e e e^^, e- = e^g. 

We shall show the unobstructedness of G2 structures by using our method 
in section one. 

Theorem 7-2. The orbit Ospin(7) elliptic and satisfies the criterion. 

Since Spin(7) is a subgroup of SO (8), we have the metric g^o for each 
$° G Cspin(7)- For each $° G 0spin(7)(^), and are orthogonally 
decomposed into the irreducible representations of Spin(7), 

= Ai e aIs, 
A^ = A+ e A~ = {^\ e Ay e A27) e A35, 

where A^ denotes the irreducible representation of Spin (7) of i dimen- 
sional. We denote by Tr^ the orthogonal projection to each component. 
Let X be a real 8 dimensional compact manifold with a closed form 
G ^spin(7)(^)- 5'*° metric corresponding to Then 

there is a unique parallel positive spinor Gq G r(5"^) with 

CJ+ = 1 + $0 + vol, 
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where S'^ is identified with the subset of Chfford algebra Chff = A* 
( see [16]). By using the parahel spinor o-q", the positive and negative 
spinors are respectively identified with following representations, 



r(5+) = r(AjeA?), 



(1) 



+ 



+ 



+ 
' 



r(5-) - r(Ai), 



(2) 



+ 
' 



where G T{S^). Under the identification (1) and (2), The Dirac 
operator D'^ : r(S'"'") -^T{S~) is written as 

TTsod*: r(Ate A^) — ^r(Al). 

In particular Ker ttq o d* are Harmonic forms in T{Ai A7). Hence we 
have 

Lemma 7-3. 

Ker TTgod* = mjiX) e^(X). 
In the case of Spin(7), each = E^^^^^j-^ is given by 

^Spin(7) = -^Spiri(7) = A7 AL 

Let a be an element of T(E^^^^(^^^(X)). We assume that 

(3) da = 0, 7r8d*a = 0, 

So that is, a is an element of where 7^ is the complex 







r(4pin(7)) 



r(Ai) 



do 



Spin(7)' 



d -r-i/.4^.4^.— \ d 



r(At0 A^0 A-) 



Spin(7)' 



r(A5) 
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(Note that = TTgd*.) We decompose a into the self-dual form and the 
anti-self-dual form, 

a = a+ + a~ e r(A+) r(A"). 

From (3) we have 

da'^ + da~ = 

TTg * da^ — TTs * da~ = 0. 

Hence we have nsd^a^ = 0. From lemma 7-3, we see that da'^ = 0. 
Hence we also have da~ = and it implies that o; is a harmonic form 
with respect to the metric ^r^o. Hence the map p: H^{if) = 'E.^(^) — > 
H^{X) ^ M4(X) is injective. 

Theorem 7-4. The cohomology groups of the complex H^spini?) o-f^ ^e- 
spectively given by 

{H^ Spin{7)) — Hi{X), 
H (#Spin(7)) = H^{X), 

In particular p^ and p^ are respectively injective. 
Proof. It is sufficient to show that H'^{^spin{7) 

) = H^{X). Since anti-self 
dual forms a1 is the subset of El^.^^^^, we see that our result. 
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